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Introduction

In the next several posts, we will prove some special cases of a famous open problem, Sidorenko's Conjecture,
in extremal graph theory. A good reference is Conlon, Fox, and Sudakov [1].

Today we start by stating the problem in some cases that don't require entropy.

1 Sidorenko's Conjecture for P2

Let G be a �nite simple graph (no multiple edges or self-loops).
Suppose G has n vertices and δn2/2 edges. The value δ ∈ [0, 1] is called the edge density of G. A path of

length 2, which we call a P2, is a triple of vertices (u, v, w) such that the pairs (u, v) and (v, w) are adjacent.
Write T (P2, G) for the number of such paths in G. Asymptotically, what is the minimum value of T (P2, G)
as a function of n and δ if δ is �xed and n→∞?

Remark. Note that we count degenerate P2's - that is, (u, v, u) counts as a P2 if (u, v) is an edge. Also,
the edge density δ is chosen to be the fraction of the n2 pairs (u, v) ∈ V (G)2 which are edges, so δ must
be strictly smaller than 1 because we don't allow self-loops. These weird choices are made to simplify the
calculations.

1.1 Solution

The number of P2's counted in this way is just the number of ways to pick two neighbors u,w of a single
vertex v. For a vertex v, the number of ways to pick u,w is just deg(v)2. Thus, we are asking to minimize

T (P2, G) =
∑

v∈V (G)

deg(v)2

subject to the constraint that the degrees in a graph sum to twice the number of edges:∑
v∈V (G)

deg(v) = δn2,

By convexity of x2, we see that T (P2, G) is minimized when all the degrees are equal:

T (P2, G) ≥ n
(δn2
n

)2
= δ2n3.

On the other hand, it is easy to check that this is exact equality (up to rounding errors) when G is a
δn-regular graph on n vertices. If every vertex has the same degree δn, the value of T (P2, G) is exactly δ

2n3.
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2 Sidorenko for C4

Let G be a graph on n vertices and δn2/2 edges before. A four-cycle, or C4, is a quadruple of vertices
(again, not necessarily distinct) (t, u, v, w) such that (t, u), (u, v), (v, w), and (w, t) are all edges in G. Write
T (C4, G) for the number of copies of C4 in G. Asymptotically, what is the minimum value of T (C4, G) as a
function of n and δ if δ is �xed and n→∞?

2.1 Solution

The number of copies of C4 in G can be counted as follows. Pick any two vertices t, v and let deg(t, v) be
the number of common neighbors of t and v. Then, the number of C4's of the form (t, ?, v, ?) is exactly
deg(t, v)2. Thus,

T (C4, G) =
∑

t,v∈V (G)

deg(t, v)2

≥ n2
(∑

t,v∈V (G) deg(t, v)

n2

)2
=

1

n2

( ∑
t,v∈V (G)

deg(t, v)
)2

where we did the exact same convexity trick as for P2, except with n
2 variables deg(t, v) instead of just n

variables deg v.
On the other hand, ∑

t,v∈V (G)

deg(t, v) = T (P2, G),

since both sides count triples of vertices (t, u, v) where (t, u) and (u, v) are both edges. Plugging in the bound
on T (P2, G), we have

T (C4, G) ≥ 1

n2
T (P2, G)

2

≥ 1

n2

(
δ2n3

)2
= δ4n4.

How do you achieve this bound? Take G = G(n, δ) to be the random graph on n vertices, where every
edge (u, v) lies in G with probability δ. Then, if n is very large, the edge density of G is very close to δ with
high probability. This is the example we take.

How many copies of C4 lie in G? For each quadruple (t, u, v, w), there's an independent probability δ that
each edge of the C4 lies in G. The whole four-cycle lies in G with probability δ4. By linearity of expectation,
the expected total number of copies of C4 is therefore δ4n4. With a tiny bit more probability, you can show
that there exists an example G with edge density (1 + o(1))δ and (1 + o(1))δ4n4 copies of C4, as n→∞.

2.2 Exercises

1. Try to formulate Sidorenko's Conjecture for triangles: triples (u, v, w) such that every pair is an edge.
What goes wrong when you try to prove this?

2. Formulate Sidorenko's Conjecture for a general graph H: Fill in the blank: if H is a �xed ___ graph
and we want to minimize T (H,G) over all graphs G on n vertices and δn2/2 edges, the minimum value
of T (H,G) is asymptotically ___, and is achieved when G is ____.

3. A star is a graph where all the edges fan out of a single central vertex. Prove Sidorenko's Conjecture
for stars.

4. The complete bipartite graph Ka,b is the graph on a + b vertices such that every one of the �rst a
vertices is adjacent to every one of the last b, and no other edges exist. Prove Sidorenko's Conjecture
for complete bipartite graphs.
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